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Abstract
New constructions of parallelisms in PG(3, q) are given with the concept of coset switching of minimal
parallelism-inducing groups.
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1. Introduction
A parallelism of a 3-dimensional projective space PG(3, q) is an equivalence relation on the
set of lines that satisfies the Euclidean parallel postulate. The equivalence classes are called
‘spreads’ and consist of q2 + 1 lines that are mutually skew. By counting, the number of spreads
of a parallelism is 1 + q + q2. Given a spread S, there is a corresponding translation plane πS of
order q2. Although there are a wealth of mutually non-isomorphic translation planes of order q2
that arise from spreads of PG(3, q), there are really not that many parallelisms. Furthermore those
that do arise have very few mutually non-isomorphic spreads within the set of 1+q+q2 spreads.
The constructions of parallelisms have normally used groups that act in one of two manners:
The group acts transitively on the set of 1 + q + q2 spreads (the ‘transitive’ parallelisms), thus
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and acts transitively on the remaining spreads, where the situation forces there to be exactly two
isomorphism classes of spreads (the ‘transitive’ parallelisms of deficiency one). It is this second
class of parallelisms that concern us in this article. In particular, the authors recently proved the
following theorem that extends a similar theorem of Biliotti, Jha and Johnson [1], and whose
work is required in the proof of the extension.
Theorem 1. (See Diaz, Johnson, Montinaro [2], see also Biliotti, Jha and Johnson [1].) Let P−
be a deficiency one partial parallelism in PG(3, q) that admits a collineation group in PΓL(4, q)
acting transitively on the spreads of the partial parallelism. Let P denote the unique extension
of P− to a parallelism. Let the fixed spread be denoted by Σ0 (the ‘socle’) and let the remaining
q2+q spreads ofP be denoted by Σi , for i = 1,2, . . . , q2+q . Let πi denote the affine translation
plane corresponding to Σi .
(1) Then Σ0 is Desarguesian and πi is a derived conical flock plane for i = 1,2, . . . , q2 + q .
(2) Furthermore, the associated group G in ΓL(4, q) fixes a line  of Σ0 and contains the full
elation group E with axis  as a normal subgroup.
Note that in the statement of the theorem, the planes in the ‘long’ orbit are what are called
‘derived conical flock planes.’ We recall that a flock of a quadratic cone in PG(3, q) is a partition
of the non-vertex points of the cone by plane intersections. Each such flock is equivalent to a
translation plane of order q2 that arises from a spread consisting of q reguli that mutually share
a line. The recognition of such translation planes is possible from a so-called ‘regulus-inducing’
elation group of order q (an elation group of order q , one of whose line orbits union the axis is
a regulus). That is, translation planes of order q2 admitting such regulus-inducing elation groups
are equivalent to flocks of quadratic cones. Each of the q reguli of the spread may be derived to
construct q associated translation planes that we term ‘derived conical flock planes.’
Previously, one of the authors (Johnson [3]) has constructed transitive deficiency one par-
tial parallelisms using certain derived Kantor–Knuth spreads. All of the spreads considered in
PG(3, q) may be represented using an associated 4-dimensional vector space V4 over GF(q),
whose vectors are denoted by (x1, x2, y1, y2); xi, yi ∈ GF(q), for i = 1,2. We let x = (x1, x2),
y = (y1, y2) and use the convention that the zero vector 0 = (0,0). We identify with spreads
in PG(3, q) sets of 2-dimensional vector spaces over GF(q) that are mutually disjoint (as sub-
spaces) and cover the set of 1-dimensional GF(q)-subspaces (“points”). A Kantor–Knuth spread
is any spread of odd order q2 of the following general form:
Σ
γi,σi
i =
{
x = 0, y = x
[
u γit
σi
t u
]
; u, t ∈ GF(q)
}
,
where γi is a non-square in GF(q) and σi is an automorphism of GF(q). We note that for each
t ∈ GF(q), the following partial spread is a regulus in PG(3, q):
Rt =
{
x = 0, y = x
[
u γit
σi
t u
]
; u ∈ GF(q)
}
.
The derived Kantor–Knuth spreads are those that are obtained by the derivation of some Rt
(replacing the set by its opposite regulus R∗).t
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spreads from the extension parallelism of a transitive deficiency one partial parallelism. This
construction leads to a variety of new parallelisms.
This process could be considered analogous to net replacement in a Desarguesian affine plane
of order q2, where it is possible to consider a set of q − 1 mutually disjoint reguli (disjoint on
lines), where the reguli may be chosen to be replaced or not by the associated opposite reg-
uli. In that situation, there would be essentially 2(q−1) possible replacements leading to distinct
translation planes (of course, not all of which are mutually non-isomorphic).
In the construction technique given here, there are a great variety of what we call ‘E-switches’
(or more simply ‘switches’), where a given set of q spreads of a parallelism is switched with
another set of q spreads so as to create a related parallelism. However there may be more than
one E-switch for a particular set of q spreads. In general, if there are t possible switches for
each of q + 1 sets of q spreads, then there are a possible tq+1 constructed parallelisms. Using
this process most of these constructed parallelisms will be new and most will also be mutually
non-isomorphic.
2. E-Switching
Let Σ1 be a Desarguesian spread of order q2:
Σ1 =
{
x = 0, y = x
[
u+ ρ1t γ1t
t u
]
; u, t ∈ GF(q)
}
,
where x2 + ρ1x − γ1 is irreducible over GF(q). Let the regulus R1 be
R1 =
{
x = 0, y = x
[
u 0
0 u
]
; u ∈ GF(q)
}
.
Let E denote the elation group of order q2 with axis x = 0 of the associated Desarguesian
plane πΣ1 . Note that
E =
⎧⎪⎨
⎪⎩eu,t =
⎡
⎢⎣
1 0 u+ ρ1t γ1t
0 1 t u
0 0 1 0
0 0 0 1
⎤
⎥⎦ ; u, t ∈ GF(q)
⎫⎪⎬
⎪⎭ .
Let Γ2 and Γ3 denote two conical flock spreads of order q2 distinct from Σ1 in PG(3, q) that
share precisely R1 with Σ1. Note that this means that
E− =
⎧⎪⎨
⎪⎩eu,0 =
⎡
⎢⎣
1 0 u 0
0 1 0 u
0 0 1 0
⎤
⎥⎦ ; u ∈ GF(q)
⎫⎪⎬
⎪⎭0 0 0 1
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in the introduction. Any such conical flock spreads have particular forms depending on certain
functions gi and fi on GF(q), so we let
Γi =
{
x = 0, y = x
[
u+ gi(t) fi(t)
t u
]
; u, t ∈ GF(q)
}
, i = 2,3,
and assume that for any given t0,
gi(t0) = ρ1t0,
fi(t0) = γ1t0
implies t0 = 0 (this condition simply assures that the given spreads share exactly R1 with Σ1).
Notation 1. If Γi is a spread and E is the elation group defined above, we let ΓiE denote the orbit
of Γi under E and let [ΓiE] denote the set of lines (2-dimensional vector subspaces) of ΓiE.
Lemma 1.
(1) Γ2E and Γ3E both contain exactly q spreads.
(2) If [Γ2E] = [Γ3E] and Γ3E consists of mutually disjoint spreads, then Γ2E consists of mu-
tually disjoint spreads.
Proof. Since E− fixes Γi, there are at most q image sets of Γi. For Δ either Γ2 or Γ3, Δ is a
conical flock plane, and as noted has the general form
Δ =
{
x = 0, y = x
[
u+ g(t) f (t)
t u
]
; u, t ∈ GF(q)
}
,
where g and f are functions on GF(q), such that g(0) = 0 = f (0). Assume that an elation eu∗,t∗
of E leaves Δ invariant. Then
y = x
([
u+ g(t) f (t)
t u
]
+
[
u∗ + ρ1t∗ γ1t∗
t∗ u∗
])
∈ Δ.
This means that
g(t + t∗) = g(t)+ ρ1t∗,
f (t + t∗) = f (t)+ γ1t∗,
for all t ∈ GF(q). Taking t = 0, our assumption that Δ shares exactly R1 with Σ1, implies that
t∗ = 0. Hence there are precisely q mutually distinct images of Γi for i = 2,3. Now assume
that Γ3E consists of q mutually disjoint (on lines) spreads. This means that there are exactly
(q2 + 1)q lines of [Γ3E] and each line is in exactly one spread Γ3e, for e ∈ E. There are also
the same number (q2 + 1)q lines of [Γ2E] if [Γ2E] = [Γ3E]. Suppose that one of these lines
 lie in two distinct spreads Γ2e1 and Γ2e2, for ei ∈ E, i = 1,2. Let {ki; i = 1,2, . . . , q} be
a coset representation set for E− in E, where E− is the subgroup of order q that leaves Γ2
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inclusion–exclusion that there are exactly q mutually disjoint spreads Γ2ki . 
Definition 1. If Γ2 and Γ3 are conical flock spreads that share exactly a regulus with an associated
Desarguesian spread Σ1 and E is an elation group of order q2 of πΣ1 that contains the regulus-
inducing elation group of order q that defines the spreads Γi , for i = 2,3, assume that at least
one of Γ2E and Γ3E consist of q mutually disjoint spreads.
If [Γ2E] = [Γ3E], we shall say that Γ3E ‘E-switches’ with Γ2E (the definition is symmetric,
so we may say, more simply, that Γ2E and Γ3E are ‘switches’ of each other).
Remark 1. Assume that Γ3E switches with Γ2E and h is a collineation of Σ1 that leaves invari-
ant the axis x = 0 of E, then Γ3hE switches with Γ2hE.
Proof. Note that [Γ2Eh] = [Γ3Eh] and each corresponding orbit necessarily consists of ex-
actly q mutually disjoint spreads, namely the images of the q mutually disjoint spreads of
either set, respectively. But E is the full elation group with axis x = 0 so h normalizes E, and
[Γ2hE] = [Γ3hE]. 
In the following, we consider the idea of switching in a very general manner. We note in the
following that there are exactly (q + 1) regulus-inducing elation groups of order q in an elation
group of order q2.
2.1. Switching theorem for parallelisms
Theorem 2. Let Σ1 be a Desarguesian spread in PG(3, q) and let E denote the full elation
group of the associated Desarguesian affine plane πΣ1 with axis x = 0. Fix a second component
y = 0 and let Ri , for i = 1,2, . . . , q + 1, denote the set of reguli of Σ1 that share x = 0, y = 0
(a ‘hyperbolic cover’ of reguli). Let κi and τi , for i = 1,2, . . . , q + 1, be conical flock spreads
that share precisely Ri with Σ1. Let κ∗i and τ ∗i denote the derived conical flock spreads obtained
by the derivation of Ri in κi and τi , respectively.
Suppose that
Σ1
q+1⋃
i=1
κ∗i E
is a parallelism of PG(3, q).
Assume that [τiE] = [κiE], for each i = 1,2, . . . , q + 1 (so necessarily τiE switches with
κiE).
Then
Σ1
q+1⋃
i=1
τ ∗i E
is a parallelism in PG(3, q).
E. Diaz et al. / Finite Fields and Their Applications 14 (2008) 766–784 771Proof. By counting, we see that in
Σ1
q+1⋃
i=1
τ ∗i E,
there are 1 + q(q + 1) spreads. We need to show that these spreads are mutually disjoint. So
take any line  of PG(3, q) that is not in Σ1. This line lies in exactly one set κ∗i E. If  is a Baer
subplane (element of R∗i e) then  is also in τ ∗i E. So assume that  is not in one of the reguli of
Σ1 that share x = 0 and y = 0. Then  is in some κiE. Since [τiE] = [κiE], it follows that every
line of PG(3, q) is in
Σ1
q+1⋃
i=1
τ ∗i E,
so we see that we obtain a parallelism. 
3. The switches of Desarguesian spreads
In this section we determine the possible switches Γ3E of Γ2E, where Γ2 is Desarguesian. So
let
Σ1 =
{
x = 0, y = x
[
u+ ρ1t γ1t
t u
]
; u, t ∈ GF(q)
}
,
and
Σ2 =
{
x = 0, y = x
[
u+ ρ2t γ2t
t u
]
; u, t ∈ GF(q)
}
,
such that
γ1 = γ2 or if γ1 = γ2 then ρ1 = ρ2.
Then Σ2 and Σ1 share precisely the regulus
R1 =
{
x = 0, y = x
[
u 0
0 u
]
; u ∈ GF(q)
}
.
Lemma 2. Σ2E consists of q mutually disjoint spreads.
Proof. If the lemma is not true then Σ2 and Σ2e share a component, for some e ∈ E. Hence this
implies the following sort of equation:
[
u+ ρ2t γ2t
t u
]
=
[
u∗ + ρ2t∗ γ2t∗
t∗ u∗
]
+
[
w + ρ1s γ1s
s w
]
.
772 E. Diaz et al. / Finite Fields and Their Applications 14 (2008) 766–784Since then t∗ + s = t we see that
γ2(t
∗ + s) = γ2t∗ + γ1s,
which implies that s = 0. But then e ∈ E− so that Σ2 = Σ2e. 
Theorem 3. Let Γ be a conical flock spread that shares exactly R1 with Σ1. Specifically, let
Γ =
{
x = 0, y = x
[
u+ g(t) f (t)
t u
]
; u, t ∈ GF(q)
}
,
where for all non-zero t , (g(t), f (t)) = (ρ1t, ρ2t).
(1) Then ΓE switches with Σ2E if and only if one of two situations occurs:
(i) γ2 = γ1 and
g(t) = ρ1t + (ρ2 − ρ1)f (t)− γ1t
γ2 − γ1 , or
(ii) γ2 = γ1, ρ2 = ρ1, and
f (t) = γ1t.
(2) If ΓE switches with Σ2E then the plane πΓ arising from the spread Γ is either Desarguesian
or a Kantor–Knuth semifield plane. So in particular, if q is even then Γ is a Desarguesian
spread.
Proof. Suppose that ΓE switches with Σ2E, so [ΓE] = [Σ2E]. Then for each u and t in GF(q),
not both zero, there exists an element s such that we have the following equation:
(∗)
[
u+ g(t) f (t)
t u
]
=
[
u+ ρ2s γ2s
s u
]
+
[
ρ1(t − s) γ1(t − s)
t − s 0
]
,
for s not zero, if t not zero, where t − s not zero if t is not zero. Hence in case (∗), we obtain
g(t) = ρ1(t − s)+ ρ2s
and
f (t) = γ2s + γ1(t − s).
Note that these equations must be true for all t . First assume that γ1 = γ2.
We see that f (t)−γ1t = 0 if and only if (γ2 −γ1)s = 0, so that s = 0, but this situation cannot
occur by assumption. Hence f (t)− γ1t is never zero for t non-zero. Thus
s = f (t)− γ1t .
γ2 − γ1
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g(t) = ρ1t + (ρ2 − ρ1)f (t)− γ1t
γ2 − γ1 ,
as in the first statement of part (1). Then
g(t) = kt + zf (t),
for k and z constants in GF(q).
If we consider the corresponding flock of the quadratic cone with planes
πt : x0t − x1f (t)+ x2g(t)+ x3 = 0,
when g(t) = kt + zf (t), we obtain
πt : x0t − x1f (t)+ x2
(
kt + zf (t))+ x3 = 0.
Therefore we see that the planes share the point (−k, z,1,0), where the points of PG(3, q) are
taken homogeneously as (x0, x1, x2, x3).
Now assume that γ1 = γ2. In this setting, we have
πt : x0t − x1f (t)+ x2g(t)+ x3 = 0
is
πt : x0t − x1γ1t + x2g(t)+ x3 = 0
and the planes contain the point (γ1,1,0,0).
Hence when either γ1 = γ2 or γ1 = γ2, we obtain a flock of a quadratic cone whose planes
contain a common point. However such flocks are completely characterized by Thas [8], where
it is proved that f (t) = αt + βtσ , for σ an automorphism of GF(q). Furthermore, in the even
order case, σ = 1 and the plane Γ is Desarguesian and, in the odd order case, the plane is
Kantor–Knuth or Desarguesian. Therefore, if ΓE switches with Σ2E then Γ is Kantor–Knuth
or Desarguesian.
Now assume that g(t) = ρ1t + (ρ2 −ρ1) f (t)−γ1tγ2−γ1 , for γ2 = γ1. Then the above argument shows
that Γ is either Desarguesian or Kantor–Knuth and therefore f (t) = αt + βtσ , for constants α
or β . Then f (t)−γ1t
γ2−γ1 is clearly injective, so in this case, there is a unique element s satisfying
equation (∗). Thus, for each line  of ΓE, then  is in Σ2E, so that [ΓE] ⊆ [Σ2E].
Now for a line y = x [ u+ρ2s γ2s
s u
]
of Σ2, we see that the following equation holds:
(∗∗)
[
u+ g(t) f (t)
t u
]
+
[
ρ1(t − s) γ1(s − t)
s − t 0
]
=
[
u+ ρ2s γ2s
s u
]
,
for
s = f (t)− γ1t .
γ2 − γ1
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with Σ2E.
Finally assume that f (t) = γ1t and γ2 = γ1. We may take g(t) = αt + βf (t), for constants α
and β and since g(t)− ρ1t is never zero then
g(t)− ρ1t
ρ2 − ρ1
is bijective. Let y = x
[
u+g(t) f (t)
t u
]
be a line of Γ . Then the equation
(∗)′
[
u+ g(t) f (t)
t u
]
=
[
u+ ρ2s γ1s
s u
]
+
[
ρ1(t − s) γ1(t − s)
t − s 0
]
,
has a unique solution for s = g(t)−ρ1t
ρ2−ρ1 . This shows that [ΓE] ⊆ [Σ2E].
Now consider equation (∗∗) with the present conditions:
(∗∗)′
[
u+ g(t) f (t)
t u
]
+
[
ρ1(t − s) γ1(s − t)
s − t 0
]
=
[
u+ ρ2s γ1s
s u
]
,
so it follows that any line y = x [ u+ρ2s γ1s
s u
]
of Σ2 is in ΓE. Therefore [ΓE] = [Σ2E] so that ΓE
switches with Σ2E. 
3.1. General switches
A similar argument establishes the following switching result.
Theorem 4. For i = 2,3 let
Γi =
{
x = 0, y = x
[
u+ gi(t) fi(t)
t u
]
; u, t ∈ GF(q)
}
,
be conical flock spreads, each of which share exactly R1 with Σ1, where (gi(t), fi(t)) =
(ρ1t, γ1t), for any non-zero t , i = 2,3.
Assume Γ2E is a set of q mutually disjoint spreads.
Then Γ3E switches with Γ2E if and only if for each t ∈ GF(q), there exists a bijective function
m : GF(q) → GF(q) such that
g3(t)− ρ1t = g2
(
m(t)
)− ρ1m(t),
f3(t)− γ1t = f2
(
m(t)
)− γ1m(t), ∀t ∈ GF(q).
4. Coset switching
In this section, we concentrate on switching with Desarguesian spreads. We have seen that the
corresponding possible conical flock spreads are either Desarguesian or Kantor–Knuth. Not all
Kantor–Knuth spreads are isomorphic as it depends on the automorphism used in the spread. Fur-
thermore, even though all Desarguesian spreads are isomorphic, the form used will be important
in the determination of various parallelisms and their isomorphisms.
E. Diaz et al. / Finite Fields and Their Applications 14 (2008) 766–784 775Let σi be an automorphism of GF(q). Let Σ1 denote the Desarguesian spread
Σ1 =
{
x = 0, y = x
[
u+ ρ1t γ1t
t u
]
; u, t ∈ GF(q)
}
.
We shall be employing E-switches of Desarguesian spreads by spreads Σγi,σii , where
Σ
γi,σi
i =
{
x = 0, y = x
[
u+ ρ1t + (ρ2 − ρ1) γi tσi −γ1tγ2−γ1 γitσi
t u
]
; u, t ∈ GF(q)
}
.
Assume that
γj t
σj = γ1t implies that t = 0.
Also, we again note that when q is even, it can only be that σj = 1 since the spread is a
semifield spread (see e.g. Johnson [4]). Let FΣ1 refer to the field coordinatizing Σ1, namely
〈[
u+ ρ1t γ1t
t u
]
; u, t ∈ GF(q)
〉
.
4.1. Minimal parallelisms
In previous work by Johnson and Pomareda [6], [5], parallelisms may be obtained by choosing
a Desarguesian spread Σ2 sharing exactly a regulus R1 with Σ1 and using a group EH so that
Σ1 ∪Σ∗2 EH becomes a parallelism, where Σ∗2 is the Hall spread obtained by derivation of R1.
We now detail the particular groups that may be used. Recall that with (q − 1)2 we mean the
order of the 2-power that divides q − 1.
We consider the following groups:
Hj =
〈[
ωj 0
0 ω
]
; ω ∈ FΣ1\{0}; |ω| = (q − 1)2(q + 1) and (j − 1, q + 1) = 1
〉
and
Hj =
〈[
ω 0
0 ωj
]
; ω ∈ FΣ1\{0}; |ω| = (q − 1)2(q + 1) and (j − 1, q + 1) = 1
〉
.
Consider any Desarguesian spread
Σ2 =
{
x = 0, y = x
[
u+ ρ2 γ2t
t u
]
; u, t ∈ GF(q)
}
,
where γ2 is an element of GF(q), not equal to γ1. It turns out that we may now use HjE or
HkE together with Σ1 and Σ2 to construct parallelisms in PG(3, q). The reader might note
that the notations here and in Johnson and Pomareda [5] are somewhat different and so a direct
comparison of results will require some slight manipulation by the reader.
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odd and ρ1 = ρ2 = 0, and Σ1 and Σ2 are Desarguesian spreads. Let Σ∗2 denote the Hall spread
obtained by the derivation Σ2 by
R1 =
{
x = 0, y = x
[
u 0
0 u
]
; u ∈ GF(q)
}
.
(1) If (q − 1)/2 is odd then
Pj = Σ1 ∪Σ∗2 HjE
and
Pk = Σ1 ∪Σ∗2 HkE
are parallelisms.
(2) If (q − 1)/2 is even and (j + 1, q + 1) = (k + 1, q + 1) = 1 then Pj and Pk (as in (1)) are
parallelisms.
(3) If q is not 3 or 7 then Pj is never isomorphic to Pk .
(4) If q is odd and if Pj is isomorphic to Pk then j ≡ k mod (q + 1)/2.
We note that the above theorem produces a set of parallelisms, where one spread is Desargue-
sian and the remaining spreads are Hall. In the following theorem on coset switching, we will
switch certain sets of these Hall spreads with sets of derived conical flock spreads that are either
Hall or derived Kantor–Knuth.
4.2. Main theorem on coset switching for odd order
Theorem 6. Let
Σ1 =
{
x = 0, y = x
[
u γ1t
t u
]
; u, t ∈ GF(q)
}
,
Σ2 =
{
x = 0, y = x
[
u γ2t
t u
]
; u, t ∈ GF(q)
}
,
where γ1 and γ2 are distinct non-squares, and let H any of the groups Hj or Hk . Let HΣ2 denote
the stabilizer of Σ2 in H and let {hi; i = 1,2, . . . , q+1} be any coset representation set for HΣ2 .
For each hi , choose either the spread Σ2 or
Σηι,σi = αi =
{
x = 0, y = x
[
u ηit
σi
t u
]
; u, t ∈ GF(q)
}
,
where ηi is a non-square and ηitσi = γ1t implies t = 0, and σi is an automorphism of GF(q),
possibly 1.
(1) Then αihiE switches with Σ2hiE, for i = 1,2, . . . , q + 1 (the switch is trivial if αi = Σ2).
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Σ1
q+1⋃
i=1
α∗i hiE
is a parallelism.
Proof. First consider Σ∗2 H = Σ∗2 Hj , or Σ∗2 Hk , a set of Hall spreads, where Hj and Hk are
subject to the restrictions given in the definitions of the groups and the conditions required for
the existence of the parallelisms in Theorem 5.
We note that H has order (q − 1)2(q + 1) and the scalar group of order (q − 1)2 fixes Σ2
and fixes the regulus net R1. Hence the number of distinct images of Σ∗2 under H is q + 1, so
we denote the spreads of Σ∗2 H =
⋃q+1
i=1 κ∗i . We know that P = Σ1 ∪Σ∗2 HE = Σ1
⋃q+1
i=1 κ∗i E is
a parallelism by Theorem 5. Therefore we have the hypothesis of Theorem 2. Now we want to
choose a set of switches τiE for κiE, for i = 1,2, . . . , q + 1. Note that there are exactly q + 1
reguli Ri , i = 1,2, . . . , q + 1, of Σ1 that mutually share two components x = 0, y = 0 and that
the κi , as defined, are Desarguesian spreads that contain Ri , for i = 1,2, . . . , q + 1, and are, of
course, the images of Σ2 under H . It follows from the work of Johnson and Pomareda [5] that H
is transitive on the reguli that share x = 0, y = 0.
For each Ri let hi denote an element of H that maps R1 to Ri and hence maps Σ2 to Σ2hi
and therefore maps Σ∗2 to Σ∗2 hi . We note that E must be normalized by H , since it is the full
elation group of Σ1 with axis x = 0. Now assume that Γ is a conical flock spread of the general
form Σηi,σii , for i fixed. Therefore if ΓE switches with Σ2E then for h ∈ H , ΓhE switches with
Σ2hE, since [ΓhE] = [ΓEh] = [Σ2Eh] (see Remark 1). Since ρ1 = ρ2, we have the required
conditions to apply Theorem 3. So our τiE sets of reguli are all of the form Σηi,σii E = αiE
which switch with Σ∗2 E, implying that αihiE = τiE switches with Σ2hiE = κiE. Therefore by
Theorem 2 our coset switching theorem for odd order is proved. 
4.3. An upper bound on the number of parallelisms by E-switching, odd order
Here we give a rough upper bound on the number of parallelisms obtained by our methods.
Some of these parallelisms constructed will admit collineation groups HE that act transitively
on the spreads not equal to Σ1 of the parallelism and others with admit only the group E. We
have mentioned Theorem 5, where all switches are trivial and note that there still are a large
number of mutually non-isomorphic parallelisms, now depending solely on the group H chosen.
If we choose another Desarguesian spread Σ3 and switch Σ3E with Σ2E, for all of the q + 1
switches, we also obtain HE as a group but this parallelism may not be isomorphic to the one
using Σ2 as an isomorphism from one to the other necessarily is a collineation of Σ1.
Remark 2. ηitσi = γ1t implies t = 0 is the condition required. Let ηi = γ1θi , where θi is a square
in GF(q). Let ω denote a primitive element of GF(q)∗ so the squares of GF(q) are in 〈ω2〉. Let
pr = q . We wish to choose θi not in 〈ω
pr−1
p(z,r)−1 〉. Thus any element of 〈ω2〉 − 〈ω
pr−1
p(z,r)−1 〉, will
suffice. Hence there are
(q − 1)/2 − (q − 1)/(pd − 1)
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(q − 1)((pd − 1)− 2)/2(pd − 1)= (q − 1)
2
(pd − 3)
(pd − 1)
possible choices for ηi where Fixσi = GF(pdi ). Let rdi denote the number of distinct automor-
phisms σi such that Fixσi = GF(pdi ).
Therefore the number of choices for each E-switch is
∑
d|r
(q − 1)
2
(pd − 3)
(pd − 1) rd .
(1) Hence the number of parallelisms constructible in this manner, from a given group H and
from a given coset representation is
(∑
d|r
(q − 1)
2
(pd − 3)
(pd − 1) rd
)q+1
.
(2) Let ϕ(q + 1) be the number of integers relatively prime to q + 1. Then there are at least
2ϕ(q + 1) groups Hj and Hk . Let HΣ2 denote the stabilizer of Σ2 in H . Note that it is not
required that κ∗i admit any element of HΣ2 as a collineation group to produce a parallelism.
Since H is cyclic, let h generate H and hu generate HΣ2 . For hz, for z between 1 and u, let
sz be any element of HΣ2 . If {hzsz; z = 1,2, . . . , u} is a set of coset representatives then
Σ1
q+1⋃
i=1
κ∗i hiszE
is a parallelism. Therefore there are at least
2ϕ(q + 1)
(∑
d|r
(q − 1)
2
(pd − 3)
(pd − 1) rd
)q+1
distinct parallelisms constructible by E-switching (note also, we have not counted what dif-
ferences might occur by varying the set of coset representatives).
Proof. Choose a group, choose a set of E-switches. 
Remark 3. The group HΣ∗2 can change the particular spreads that are used, but we do not make
a separate count for these, as the changes are already previously considered in the sets of E-
switches.
4.4. Main theorem on coset switching for even order
We recall parts of Theorem 3. Again, for q even consider
Σ1 =
{
x = 0, y = x
[
u+ ρ1t γ1t
t u
]
; u, t ∈ GF(q)
}
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Σ2 =
{
x = 0, y = x
[
u+ ρ2t γ2t
t u
]
; u, t ∈ GF(q)
}
,
such that
γ1 = γ2 or if γ1 = γ2 then ρ1 = ρ2.
Then Σ2 and Σ1 share precisely the regulus
R1 =
{
x = 0, y = x
[
u 0
0 u
]
; u ∈ GF(q)
}
.
Theorem 7. Let Γ be a Desarguesian conical flock spread that shares exactly R1 with Σ1.
Specifically, let
Γ =
{
x = 0, y = x
[
u+ αt βt
t u
]
; u, t ∈ GF(q)
}
,
where one of the following conditions hold:
(i) either β = γ1, or
(ii) β = γ1 = γ2 and α = ρ1.
Then ΓE switches with Σ2E if and only if
(i)′ in case (i), we have
αt = ρ1t + (ρ2 − ρ1) (β − γ1)t
γ2 − γ1 ,
(ii)′ in case (ii), we have
βt = γ1t = γ2t.
4.5. Special case
Although not as general, things become more transparent if we take γ1 = γ2 = 1 = β .
For any spread of the form
Γα =
{
x = 0, y = x
[
u+ αt t
t u
]
; u, t ∈ GF(q)
}
,
then ΓαE switches with Σ2E, for α and ρ2 not equal to ρ1.
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Σ1 =
{
x = 0, y = x
[
u+ ρ1t t
t u
]
; u, t ∈ GF(q)
}
.
Let Σ2 be the Desarguesian spread
Σ2 =
{
x = 0, y = x
[
u+ ρ2t t
t u
]
; u, t ∈ GF(q)
}
, ρ2 = ρ1.
For a given group HE, let {hi; i = 1,2, . . . , q+1} be a coset representation for HΣ∗2 . Assume
that
Σ1
q+1⋃
i=1
Σ∗2 hiE
is a parallelism, where Σ∗2 denotes the Hall spread derived from the spread Σ2.
Let Σαi denote a Desarguesian spread, for αi = ρ1, i = 1,2, . . . , q + 1,
Σαi =
{
x = 0, y = x
[
u+ αit t
t u
]
; u, t ∈ GF(q)
}
.
Then ΣαihiE switches with Σ2hiE so that we obtain a set of parallelisms
Σ1
q+1⋃
i=1
Σ∗αi hiE.
4.6. An upper bound on the number of parallelisms by E-switching, even order
In even order, some of the groups Hj or Hk may not necessarily provide a base parallelism
from which our E-switching ideas will work. However some groups do actually work in the even
order case, for example H 0 or H0 does as is shown by Johnson and Pomareda [5, Theorem 19].
In this setting, we previously were restricted to Desarguesian spreads of order q = 2r , for r odd.
In this subsection, we remove the condition that r must be odd and show that H 0 and H0 provide
a base parallelism for E-switching.
Theorem 9. For q even, consider the Desarguesian spread
Σ1 =
〈[
u+ ρ1t tγ1
t u
]
; u, t ∈ GF(q)
〉
.
Take a Desarguesian spread
Σ2 =
〈[
u+ ρ2t tγ2
t u
]
; u, t ∈ GF(q)
〉
, for ρ2 = ρ1,
where γ1 = γ2 = 1. Now if we use the group H 0E or H0E, say HE then
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is a parallelism.
Proof. We give the proof for the group H0. The proof for H 0 will then follow by taking a
duality of the projective space. This duality will change H0 into H 0 while retaining E and an
associated parallelism will be constructed. So basically, we need only show that we obtain a
mutually disjoint set of spreads. Suppose a line ∗ of Σ∗2 maps back under an element eh of
EH to a line  of Σ∗2 . If either  or ∗ is in the regulus R1, it is not difficult to show that eh
must, in fact, fix Σ∗2 (see, e.g. the argument of Johnson and Pomareda [5], in Section 11, p. 120).
Therefore we may assume that both  and ∗ are not in R1. In this case, we have  and ∗ are
both lines of Σ∗2 − R1, so are in Σ2. Hence we have, for t t∗ = 0, elements e and h mapping
y = x
[
u∗+ρ2t∗ t∗
t∗ u∗
]
onto y = x [ u+ρ2t t
t u
]
, which results in the following equation:
[
u+ ρ2t t
t u
]
=
([
u∗ + ρ2t∗ t∗
t∗ u∗
]
+
[
w + ρ1s s
s w
])[
z + ρ1k k
k z
]
.
Multiply out the right-hand side to obtain
[
u+ ρ2t t
t u
]
=
[
u∗ + ρ2t∗ +w + ρ1s t∗ + s
t∗ + s u∗ +w
][
z + ρ1k k
k z
]
=
[
(u∗ + ρ2t∗ +w + ρ1s)(z + ρ1k)+ (t∗ + s)k (u∗ + ρ2t∗ +w + ρ1s)k + (t∗ + s)z
(t∗ + s)(z + ρ1k)+ (u∗ +w)k (t∗ + s)k + (u∗ +w)z
]
.
Noting that the (2,1) and the (1,2)-entries must be equal, we obtain
ρ2t
∗k = ρ1t∗k.
Since ρ1 = ρ2, we see that k = 0. Then, we obtain
[
u+ ρ2t t
t u
]
=
[
(u∗ + ρ2t∗ +w + ρ1s)z (t∗ + s)z
(t∗ + s)z (u∗ +w)z
]
,
which implies that
ρ1sz = ρ2sz,
so that s = 0. But such collineations are also collineations of Σ2. This proves the theorem. 
Remark 4. Now we note that there are q/2 − 1 possible elements α not equal to ρ1 that produce
Desarguesian spreads Γ such that ΓE switches with Σ2E. Hence there are
(q/2 − 1)q+1
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constructed at least
2(q/2 − 1)q+1
possible parallelisms.
4.7. The number of non-isomorphic spreads within a parallelism
In previous works on parallelisms, the number of mutually non-isomorphic spreads within
a given parallelism is quite small; one if the spread is transitive, two if there is a transitive
deficiency one partial parallelism. Here we note that not all Kantor–Knuth spreads are isomor-
phic, in fact there are [r/2] different isomorphism types. So there could a Desarguesian spread,
[r/2] mutually non-isomorphic derived Kantor–Knuth spreads for q = pr , p a prime, and a Hall
spread within one of our parallelisms. Therefore this method produces parallelisms with possibly
2 + [r/2] mutually distinct spreads, in the odd order case.
5. Derive–underive parallelisms
Choose any parallelism
Σ1
q+1⋃
i=1
κ∗i hirziE
and choose any κ∗i hirzi ei . This spread contains an opposite regulus D∗i to a regulus Di of Σ1
sharing x = 0. Now we use D∗i in Σ1 and derive this spread producing Σ
D∗i
1 and underive D
∗
i
(i.e. ‘derive’) to construct back Di and the spread κihirzi e. Now the spread κ∗i hirzi has exactly
q images under E. Then
Pκ∗i hi rzi ei = Σ
D∗i
1
q+1⋃
j=1, j =i
κ∗j hj rzj E ∪ κihirzi ei ∪
{
κ∗i hirziE − κ∗i hirzi ei
}
is a parallelism, called a ‘derive–underive parallelism.’
If HE is a collineation group of the parallelism then the possible q(q + 1) parallelisms
Pκ∗i hi rzi ei are all isomorphic (see Diaz, Johnson and Montinaro [2]). However if only E is a
collineation group of the parallelism, there will be q + 1 mutually non-isomorphic parallelisms
obtained in this way.
In this setting, we could obtain a Hall plane, a Kantor–Knuth semifield plane and [r/2] − 1
mutually non-isomorphic derived Kantor–Knuth planes, as spreads within one of our paral-
lelisms.
6. Final remarks
We have given a construction technique for a wide variety of parallelisms. What we have not
done completely is to determine the collineation group of a parallelism Σ1
⋃q+1
κ∗hiE or toi=1 i
E. Diaz et al. / Finite Fields and Their Applications 14 (2008) 766–784 783determine when two of our parallelisms are isomorphic. We offer a few remarks on how one
would go about accomplishing this.
Let σ be an isomorphism from one of the parallelisms to another. Since we always have an
invariant Desarguesian spread Σ1, it follows that σ must be a collineation group of Σ1 (or rather
of the Desarguesian affine plane corresponding to Σ1).
Certainly any collineation g of the parallelism is a collineation of Σ1 and since E is a group
of the parallelism, we may assume that g leaves x = 0 and y = 0 invariant. Since g then permutes
the set of reguli sharing x = 0 and y = 0, it follows that any collineation will permute the κ∗i hi .
If g maps R1 onto Rj then gh−1j leaves R1 invariant and is therefore a collineation of κ∗1 and
also of κ1. Furthermore g will also permute the κihi . Let κihig = κg∗(i)hg∗(i). We note that as
a set {hi; i = 1,2, . . . , q + 1} is sharply transitive on the set of reguli Ri that share x = 0 and
y = 0. Anyway, it is possible that the full collineation group could contain HE or be simply E.
So in this manner, it is possible to sift the constructed parallelisms into isomorphism classes.
The results presented in this article generalize two classes of parallelisms constructed in pre-
vious work.
Previously, the second author (see [3]) has constructed transitive deficiency one partial paral-
lelisms admitting a group HE such that there is one Desarguesian spread Σ1 and the remaining
spreads are derived Kantor–Knuth spreads, where all corresponding Kantor–Knuth spreads are
images under HE of a spread as follows:
Σ2 =
〈[
u γ tσ
t u
]
; u, t ∈ GF(q)
〉
, for γ tσ = γ1t, if and only if t = 0,
such that (q − 1)2 divides (σ − 1). This restriction on division was required to ensure that the
associated parallelism
Σ1 ∪Σ∗2 HE
does, in fact, admit the group HE. However the results presented in this article show that one
may bypass this restriction as follows. Let {hi; i = 1,2, . . . , q + 1} be a subset of H that acts
transitively on the set of reguli of Σ that share x = 0, y = 0. Then, it follows that
Σ1 ∪Σ∗2 HE = Σ1
q+1⋃
i=1
Σ∗2 hiE.
Furthermore, it is now possible to switch any Σ∗2 hi , with “any” Kantor–Knuth spread that shares
exactly a regulus R1 with the Desarguesian spread Σ1. Now replace Σ∗2 hi by any derived
Kantor–Knuth or Hall spread κ∗i hi, where κ∗i shares exactly R1 with Σ1. Then we obtain an-
other parallelism that may not admit HE as a collineation group. For example, if we choose
κ∗i = κ∗0 , for all i and κ0 does not admit HGΣ2 , then the new parallelism contains one Desargue-
sian and the remaining spreads isomorphic Kantor–Knuth spreads, but the parallelism does not
arise from a transitive deficiency one partial parallelism.
There are related parallelisms constructed in Johnson and Pomareda [7] that might be con-
sidered the predecessors of the parallelisms constructed here, which are called ‘m-parallelisms,’
and related classes of the so-called ‘(m,n)-parallelisms.’ We mention only one result on m-
parallelisms.
784 E. Diaz et al. / Finite Fields and Their Applications 14 (2008) 766–784Theorem 10. (See Johnson and Pomareda [7], Theorems 64, 65, in the finite case.) Let Σi for
i = 1,2, . . . ,m+ 1 denote distinct Desarguesian spreads in PG(3, q), for q odd, of the form
Σi =
〈[
u γit
t u
]
; u, t ∈ GF(q)
〉
, for γi a non-square in GF(q).
Assume that the full homology group H of Σ1 with axis x = 0 has an index m-subgroup H−,
where m divides q + 1. Denote by R1 the common regulus partial spread ⋂mi=1 Σi . Let
H =
m+1⋃
i=2
H−gi, where g2 = 1,
denote a coset representation set of H− in H . Let Σ∗i denote the Hall plane constructed from Σi
by derivation of R. Then
Σ1
m+1⋃
i=2
Σ∗i giEH−
is a parallelism in PG(3, q) called an ‘m-parallelism.’
It is also shown in Johnson and Pomareda [7] that m-parallelisms and n-parallelisms for m = n
are necessarily non-isomorphic. One nice feature of m-parallelisms is for such parallelisms the
full central collineation group of Σ1 that acts on the parallelisms is precisely EH−.
It is not difficult to see that m-parallelisms form a subclass of the class of E-switchable par-
allelisms.
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